A simple and intuitive formalism is presented to describe diffraction in multi-layered periodic structures. We use the well known results from scalar analysis (wave propagation in homogeneous layered media) and show that they can be generalized rather readily to vector problems such as diffraction analysis. Specifically, we derive : (1) generalized Fresnel equations appropriate for reflection and transmission from an infinitely thick grating, (2) a generalized Airy formula for thin-film to describe reflection and transmission of light through a lamellar grating and (3) a matrix propagation method akin to that used for multi-layer thin film analysis.
Introduction
Modal methods to calculate grating efficiencies have a voluminous literature [1] . Modal techniques are easy to understand conceptually, and easy to implement computationally. The underlying concept in these techniques is an expansion of the electric/magnetic fields in terms of an orthogonal basis set, solving for the expansion coefficients by matching boundary conditions and inverting the associated matrices [2, 3, 4] . Although simple to state and implement, many implementations of this technique suffer from numerical instabilities caused by arithmetic overflows arising from the presence of large exponentials in the Rayleigh expansion. This problem is especially severe for surface relief gratings and multilayer gratings where numerical errors propagated across layers lead to poor convergence [6] .
The focus of this paper are "pure" modal methods (to contrast from related techniques such as coupled-mode or coupled-wave theories [1] ) as applied to multi-layer and surface relief gratings. These classes of gratings have received considerable attention lately and efficient numerical methods have been developed recently to compute grating peformance [4, 6] .
The purpose of this paper is not to add yet another modal technique to the rather large set of extant methods. Instead, the aim here is to distill the recent results in a form where: (1) the underlying physics is obvious and (2) the numerics for even the most sophisticated grating computation can be written down by inspection.
Propagation of light in a multi-layer thin film stack is describable in terms of cascaded 2 x 2 scattering/transfer and propagation matrices. The matrix elements are the reflection and transmission coefficients obtained from Fresnel equations. This method is standard, well understood and widely used in the optics community. The principal aim of this paper is to show that existing methods used in analysis of wave propagation in ID stratified media are readily generalizable for inhomogeneous (but periodic) media. In the subsequent discussion, the inhomogeneous medium is assumed periodic. The results here do not apply directly to media with random or aperiodic spatial variations in the complex permittivity and susceptibility.
The principal results in this paper are: (1) the development of "vector" Fresnel equations for electromagnetic waves diffracting from an infinitely thick lamellar grating, (2) the development of "vector" Airy-formula for light propagating through a lamellar grating and (3) a generalized matrix propagation method for multi-layer and surface relief gratings that is similar in spirit to multi-layer optical thin film theory.
In our formulation, typical scalar quantities such as reflection and transmission coefficients found in standard 1D analysis, appear as infinite dimensional matrices. The rows of these matrices represent the different scattered orders and the columns correspond to the coupling between the different orders (i.e. the same mode coupling described in coupled-wave analysis). Table 1 , for example, summarizes the generalized Fresnel reflection formulas or light reflecting from a periodic surface shown in Fig. 1 . Using these generalized reflection and transmission coefficients, Here, a0 is the incident amplitude of the relevant field (a0 = E,,0 for TE-polarization, and a0 = H,0 for TMpolarization). See text for further explanation of notation.
Homogeneous Interface
Inhomogeneous Interface The results in this paper bear a strong resemblence to the R-and S-matrix algorithms that have appeared recently [7, 6, 8, 9] ; however the results are not identical. In contrast to earlier work, this paper approaches the diffraction problem from the viewpoint of physics. Unlike earlier work, mathematical features of the problem such as convergence, stability etc., are of secondary importance; although, as we will see later, the algorithms presented here do offer a few advantages over previous methods. We seek here instead, to draw an intimate connection between the grating problem and homogeneous multi-layer theory. It is hoped that the added physical intuition will facilitate further development in the mathematical treatment of diffraction.
The paper is organized as follows. In Sec. 2, we derive the reflection and transmission coefficients at an interface between two inhomogeneous interfaces and show that it is formally equivalent to the equations obtained between two homogenous layers. In Sec. 3, these results are used to derive a set of generalized Fabry-Perot equations for a lamellar grating. In Sec. 4, an algorithm for multi-layer grating analysis is developed. In Sec. 5, we discuss some of the immediate consequences of our work and compare it with earlier work in this field.
Generalized Fresnel Equations for Periodic Stratified Media
We begin the analysis by considering an incident electromagnetic field on an infinitely thick grating as shown in Figure 1 . The fields in Regions 1 and 2 can be expressed in terms of a modal expansion: The above mode expansion is standard and the reader is referred to the literature for further discussion [2, 3, 4] .
To proceed further, we use well known properties of the mode functions çbi(x) and bk(x) (see Appendix A) and define the four matrices E, E2, K1 and K2 whose matrices elements are:
We have used the bra-ket notation used in quantum mechanics where, for example, (Ix) 1(x) is the adjoint function (see Appendix A). In (2), we have also indicated the value taken by the matrix elements of the E matrices in the limit of a homogeneous media (for which the E matrices become diagonal). These matrices, along with the analytical inverses in Appendix A are, to the author's knowledge are new, and is one of the important contributions of this paper. Using these matrices, (1) can be rewritten as where a, b and t are vectors whose elements are the mode amplitudes at, b1 and tq respectively. Note that the vectors and matrices above are infinite dimensional since there are infinite number of eigenmodes that can be excited by the grating. The E1 matrices are complex and have non-zero off-diagonal matrix elements if and only if Region 2 is inhomogeneous, and are responsible for the coupling of the different scattering modes to the incident wave. The matrices are diagonal, but have complex numbers. The above matrix equation can be solved for b and t in terms of a to yield:
With the aid of equations (3) and (4), we now derive an equation for power flow. This is calculated using Poynting's theorem, which is written
where we have followed standard procedure and averaged the power flow across the grating period A (see [3] ). Substituting (1) and (3) into (5) and using the orthogonality relations summarized in Appendix A, we get
In (6) , in order to simplify notation, we have absorbed all numerical and physical constants into the field amplitude vector a.
We indentify the first term in S1 with the power incident and the second with the power reflected. The transmitted power S1 given above is strictly valid only for dielectric gratings where continuity of power flow demands that S be constant over all space (i.e. S1. = S2 = Constant). For conductive/lossy gratings, the orthogonality relations cannot be used to simplify the integration in (5) and S2 varies with z.
However, this is not a serious issue from the viewpoint of computation. For infinitely thick conductive gratings, only S2(z = 0) = S1 is important as it represents the power absorbed/dissipated by the lossy grating. For gratings with finite thickness, one can calculate (5) in the free-space region (Regions 1 and 3 shown in Figure 3 in Sec. 3) where the orthogonality relations are recovered and where (6) is again applicable. Thus, the power absorbed by the grating would simply be
Therefore, all measurable quantities can be computed without calculating S2. . However, in order to quantity truncation errors, an explicit evaluation of S2. has been found to be useful [3] . This issue is beyond the scope of this paper and the reader is referred to the literature for a deeper discussion. In Table 1 , the principal results of this section are summarized and compared with the "classical" Fresnel formulae appropriate for light impinging on a homogeneous interface. The equations are the same form for both the homogeneous as well as the inhomogeneous problem. The principal difference is that for the latter, the reflection and transmission coefficients are matrices whereas for the homogeneous problem, these are scalar quantities. This merely reflects that fact that only specular reflection and transmission is possible from a homogeneous surface. It is easy to show that in the limit that the grating period becomes infinite (i.e. homogeneous), the matrices become diagonal and the reflectivity and transmissivity obtained by the matrix formulation are identical to the scalar formulae.
Generalized Airy-Formula for Lamellar Gratings
In this section, we will apply the results of Sec. 2 to a lamellar grating with finite thickness. For light propagating through a homogeneous layer (with uniform complex permittivity), the reflection and transmission coefficients are given by the well known Airy thin-film formula which are described in a number of texts (for example, see [11] ). For a slab shown in Fig. 2a (where, for simplicity, Region 1 and 3 are the same media), with reflectivities r1, r2 and transmissitivities t1, t2 (where the indices refer to the media from which the beam is incident), the reflected and transmitted amplitudes are given by [11] :
t -t1t2exp(-2jçb)
To derive similar expres&ons for a lamellar grating such as that shown in Fig. 2b , we write the equations for the reflected and transmitted fields at each of the interface and solve a set of linear matrix equations. To derive the results, we use Fig. 3 that is often used in "classical" Fabry-Perot analysis. Here, the quantities a and b2 (i = 1 2) are vectors whose elements are the mode amplitudes of the incoming and outgoing fields at each of the two interfaces.
The overall transmission and reflection coefficients will be expressed in terms of the transmission and reflection at each of the two interfaces. Table 1 provides the coefficients for the beam incident from Region 1. However, in addition to these coefficients, it is also necessary to compute the coefficients when the beam is incident from Region 2. This corresponds to t2 and r2 in (7). These coefficients can be calculated by setting up the complementary problem,
and solving for the vectors b' and t' in terms of a', we arrive at the following expressions:
T2
J2T1K1E1K2.
Here F1 and T1 are the same coefficients defined in Sec. 2. In the limit of a homogeneous slab, the relations reduce to F2 = -F, and T2 = T1K2Z/K1Z. This corresponds exactly to the scalar result. In short, the reciprocal coefficients used in scalar theory generalize rather directly to the vector problem. These relations, to the knowledge of this author, is new and represents an important contribution of this paper.
Using F2 and T2 defined in (9) and F1 and T1 defined in Sec. 2, the equations that relate a and b at the interfaces are:
P0b3 P0b2
The equations for a2 and a3 relate the field amplitudes at one end of the slab to the field amplitudes at the opposite end through a simple propagation matrix. We note that a2 and b are infinite dimensional vectors, which in any practical calculations are to be truncated. However, in all our analysis, no assumption of truncation will be made and all results will be exact. The solution we seek is to express b1 and b4 in terms of a1 and a4. Setting a4 = 0, gives the overall reflection and transmision coefficients for a wave propagating from left to right. Equation (10) can be solved to yield the following expressions for b1 and b4: b1 = r1+T2p0
['a1 (11) b4 {T2Polr;rPTl}al Ta1.
We see from (11) that the overall reflection and transmission coefficients I', T for the lamellar grating are identical in form to that of the homogeneous slab given in (7).
The simple structure of (1 1) suggests immediately the underlying physics. The term (1 -(r2P0)2) merely the geometric sum obtained by the summation of the infinite series
This series accounts for the inifinite multiple reflections of both incident beam and all of the diffracted components.
It should be noted that the E matrices do not commute and consequently, the order of the matrix is extremely important. However, the order is physically intutive and therefore can be written by inspection (as we will do in the next section for multi-layer gratings where all the three regions are different).
In Table 2 , we have summarized the principal results of this section. The similarities between the scalar (homogeneous slab) and vector problem (lamellar grating) are quite apparent. We now apply these results to formulate a theory of multi-layer gratings.
Multi-layer and Surface Relief Diffraction Gratings
In the previous section, we developed a modal theory for a lamellar grating. Here, we extend the results for cascaded gratings. Such an analysis is appropriate for surface relief gratings where the gratings can be approximated as a series of stacked lamellar gratings [5, 4] . This is illustrated in Fig. 4 where a surface relief is divided vertically into a set of N slabs where each slab is assumed to be a lamellar grating. The diffraction efficiencies are computed by developing a suitable algorithm to cascade the (vector) reflection and transmission coefficients from each of the layers. This approach has proven quite satisfactory and the reader is referred to the literature for a resume on this method [5, 4] . Here, we describe a physically intutive, but exact method to cascade multi-layer larnellar gratings.
In scalar multi-layer thin film theory, a transfer matrix is defined at each interface to relate the fields from one side of the interface to the other. An overall transfer matrix is then calculated by multiplying the individual transfer matrices, from which the overall reflectance and transmittance is extracted. The transfer matrix approach is however not well suited for grating analysis and leads to numerical instabilities. This is well documented in the literature.
An alternative approach that has been recently developed is the R-and S-matrix propagation algorithm [6, 8, 9] . In these algorithm, one propagates the impedance/admittance of the layers, rather than the field itself. The impedance/admittance is a better behaved quantity which appears to have none of the numerical instability problems associated with the transfer matrix method. Although the S-matrix algorithm as applied to grating problems is relatively new, its use in scalar theory is quite well established (though the name has not been widely used in the optics community). For example, equation (7) is one of the simplest applications of the algorithm.
For applying the S-matrix approach to the vector problem, we refer to Figures 3 and 4 . We assume the surface relief grating is divided into M (not necessarily equal) layers. Each layer is modelled as a lamellar grating. At each interface i, we define a pair of reflection and transmission matrices 'yt, t as described in Sec. i-r20r2Po
Stokes (reciprocity) Relations r2 = -r1 t2 = t1k2/k1.
= -E2r1E2
T2 = 2T1K'1K2 Table 2 : Comparison of the generalized Airy relations for light reflecting from a lamellar grating ( Fig. 2b ) with "classical" formulae for light reflecting from a homogeneous slab (see Fig. 2a ). Bold faces implies matrix and vector quantities. The matrix propagation is given by P0 = exp(-jK2d) and the scalar propagation by P0 = exp(-jk2d).
See text for detailed description I; 1 rLlX) Figure 4 : Diffraction from a surface grating is modelled as diffraction from a stack of lamellar gratings. The surface relief grating is divided into M layers with each being modelled as a lamellar grating (i.e. €(x) -+ {Ei(x), E2(x).EM(x)}. Diffraction efficiencies for the entire structure are computed by recursively calculating the reflection matrix F using the reflection matrix from the adjacent layer F2 . The recursive algorithm for this procedure is detailed in the text.
notation to refer to the direction of the wave propagation. The reflection and transmissionmatrices as seen just above the interface, r and T, are expressed in terms of 'y, t and the reflection matrix rL1 sn at the next sub-layer i -1. The matrix P is then combined with the 'y, t1 matrices to yield and T. This procedure is repeated till i = M, at which point i't and T correspond to the overall reflection and transmission of the structure.
The matrices T and T can be calculated from t and by setting up the following equations that are very similar to (10) .
Pb3 Pb2.
The overall reflectivity when viewed from the ith layer is given by expressing b1 = Pta1 and b4 = Ta1 . It is straighforward to solve the above matiix equations to yield
i-= -Pi
As one would expect, these equations are identical in form to the scalar Fabry-Perot equations. It should be pointed out that whereas (13) is similar in spirit to the equations found in Ref. [8] , they are not identical. It is apparent from comparing (13) with equation (12) of Ref. [8] that the latter requires several additional matrix operations. A more detailed discussion of this subject will be forthcoming in future publications.
Discussion
The recursive algorithm (13) described in the previous section is numerically stable under almost any conditions. It can only fail under rare circumstances when the denominator in (13) becomes singular. Such scenarios are rare and correspond to the excitation of local resonances (e.g. surface plasmons, etc). Additionally, the equations are applicable for any incident polarization. Although the derivations above have assumed non-conical mounting, extension of our algorithm to conical mounting is also straightforward and will be forthcoming in future publications. The recursive algorithm given by (13) is similar to the algorithm outlined in Ref. [8] . Although Li refers to the algorithm as an "R-matrix" algorithm, it is infact a misnomer and would be more appropriately called S-matrix [10] . In Ref. [8] , no direct comparison is made to the R-rnatrix algorithm in Ref. [6] . In principal, both algorithms are exact treatments of the diffraction problem (in the limit of infinite stratification layers). As we will see below, both algorithms are based on the same physics; however, they differ in their numerical properties. It is therefore useful to examine these differences in greater detail.
The choice of basis set used in this paper is a plane wave basis set. The choice of a plane wave basis set allows us to express the propagation matrix P simply as a diagonal matrix. The use of other basis sets (e.g. sinusoidal basis set used in Ref. [6] ), although related to the plane wave set through a similarity transform, does not allow for a simple identification with the scalar results.
But beyond pedagogy, the use of alternate basis sets can lead to disaster if one is not careful about the implementation. For example, the algorithm presented in Ref. [6] , can potentially breakdown when layer thicknesses become zero or are half-integral multiples of the internal propagation wave numbers. The reason for this can be understood by considering the physics of the problem.
The R-matrix algorithm is successful because it is based on propagating impedances/admittances across the interfaces. Conceptually, this is akin to the calculation of input impedances of a multi-segment transmission line with multiple loads. Therefore, consider a simple transmission line with characteristic impedance Zo that is terminated by a load impedance ZL. The impedance at some point to the left of the load, for example, z= -1, is given as [13] z
(z --) _ 0 ZL + Zo) exp(jkl) + (ZL + zo)exp(-jkl)°Zo + jZLtan(kl)• However, notice that whereas the first equation behaves sensibly with all values of 1, the second equation, due to the present of the tan(x) function, exhibits unpredictable behavior for values where the tangent function becomes infinite. Of course, since the numerator and denominator approach infinity at the same rate, the ratio is a well defined quantity for all 1. However when the tan(x) terms appear in matrices, the ratio between the numerator and denominator, due to numerical and truncation errors, can lead to potentially unpredicatable behaviour near the singularity.
In Ref. [6] , the matrix-elements of the so-called "sector matrices" (counterpart to the 'y and t, are defined in terms of cot(x) and csc(x) functions. These functions arise naturally from the sinusoidal basis set used in the analysis. When the arguments of the functions become integral multiples of 2ir (e.g. thickness of grating layer much smaller than the wavelength), the sector-matrices may become ill-conditioned leading to poor convergence of the algorithm. In fact, the algorithm produces non-sensical results when the thickness of a layer is zero.
To contrast this, equation the S-matrix treatment (i.e. eqn. (13)) has no singular functions in its definition, either in the numerator, or the denominator. In fact, it can be shown after some tedious algebraic manipulation that the (13) can be cast in the form similar to the first equation in (14). Therefore, the transmission and reflection coefficients behave sensibly for all values of layer thickness.
One final point that should be noted is that (13) appears to be rather well suited for approximations. For example, if the term pr-1p2 is assumed to be small, then one can expand the denominator by series, keeping only the first term. This approximation leads to the solution proposed by Pai and Awada [5] and also corresponds to the Bremmer series expansion [6, 12] .
Conclusion
We have shown in this paper an equivalence between scalar and vector theories of reflection and transmission. Specifically, we have derived : (1) a set of generalized Fresnel equations appropriate for reflection and transmission from an infinitely thick grating, (2) a generalized Airy formula for describing refleëtion and transmission of light through a lamellar grating and (3) a matrix propagation method akin to matrix methods used for multi-layer thin film analysis. The formalism developed here is directly applicable for calculating diffraction efficiencies of surface relief gratings. The recently developed S-matrix propagation algorithm appears to be closely related to results presented here. This paper exapnds on the earlier work by providing important inversion formulas and Stokes relations that were lacking in the earlier work. The recursive algorithm presented in this paper is similar to earlier work, but appears to be more computationally efficient.
A direct numerical comparison of our algorithm with earlier algorithms was not within the scope of this effort. It will be forthcoming in future publications.
A Appendix
The following is a brief summary of the important properties of the eigenfunction expansion used in this paper. A more complete discussion can be found in the literature [2, 3, 4] . Maxwell's equations, after appropriate separation of variables, can be written as E(x, z) = E(x) exp(-jkz), where k is the eigenvalue of the following equation where E(x) and (x) are the spatially varying (complex) permittivities of the layer.
In order to express aribtrary fields in terms of the modal fields above, it is also necessary to solve the adjoint problem:
where indicates complex conjugate and + is used to signify adjoint.
It can be shown that the eigenfunctions {F1} and {F} are bi-orthonormal and complete (see [2, 3, 4] ). Biorthonormality is expressed in terms of the inner product 
